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ASYMPTOTIC ESTIMATE OF COHOMOLOGY GROUPS
VALUED IN PSEUDO-EFFECTIVE LINE BUNDLES
ZHIWEI WANG AND XIANGYU ZHOU
Abstract. In this paper, we study questions of Demailly andMatsumura
on the asymptotic behavior of dimensions of cohomology groups for
high tensor powers of (nef) pseudo-effective line bundles over non-necessarily
projective algebraic manifolds. By generalizing Siu’s ∂∂-formula and
Berndtsson’s eigenvalue estimate of ∂-Laplacian and combiningBonavero’s
technique, we obtain the following result: given a holomorphic pseudo-
effective line bundle (L, hL) on a compact Hermitian manifold (X, ω), if
hL is a singular metric with algebraic singularities, then dimH
q(X, Lk ⊗
E ⊗ I(hk
L
)) ≤ Ckn−q for k large, with E an arbitrary holomorphic vector
bundle. As applications, we obtain partial solutions to the questions of
Demailly and Matsumura.
1. Introduction
Numerical properties of cohomology groups valued in bundles play an
important role to approach certain fundamental problems of complex alge-
braic geometry and complex analytic geometry. The concept of positivity is
often involved in the study. If some ”strong positivity” is satisfied, one can
derive precise or asymptotic vanishing theorems of the cohomology groups,
which can be used to study, say embedding problems, asymptotics of linear
systems, extension problems of holomorphic sections, the minimal model
program, for listing just a few (cf. [1, 2, 6, 9, 19, 21, 23, 27, 28, 33, 34, 45,
43, 51]).
When only some ”weaker positivity” can be assumed, some precise or
asymptotic estimate of the cohomology groups are also expected, which
is again used to study the algebraic and analytic geometric consequences
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about the manifolds. For instance, in this aspect, one has the Grauert-
Riemenschneider conjecture (G-R conjecture for short) and the abundance
conjecture.
The G-R conjecture says that given a hermitian holomorphic line bun-
dle over a compact Hermitian manifolds, if the curvature form of the line
bundle is semi-positive and positive on an open dense subset, then the base
manifold is Moishezon, i.e. birational to a projective manifold.
Siu [46] solved the G-R conjecture by giving an asymptotic estimate of
the Dolbeault cohomology group. Shortly later, Demailly [13, 14] gave
another solution to the G-R conjecture by establishing the celebrated holo-
morphic Morse inequalities (giving asymptotic bounds on the cohomology
of tensor bundles of holomorphic line bundles), which is an important de-
velopment of the Riemann-Roch formula, and is used to study the Green-
Griffiths-Lang conjecture by Demailly in [18] recently. Bonavero [5] con-
sidered the singular case and founded singular holomorphicMorse inequali-
ties for line bundles admitting a singular metric with algebraic singularities,
which was used to establish G-R type criterions by volumes of pseudo-
effective line bundles by Boucksom and Popovici [7, 40]. Berndtsson [3]
obtained an asymptotic eigenvalue estimate of ∂-Laplace which also implies
the G-R conjecture.
The abundance conjecture [10, 24, 29, 30, 31, 48] asserts that κ(X) = ν(X)
which is still an open question in algebraic geometry, where κ(X) is the Ko-
daira dimension of the canonical line bundle KX on the projective manifold
X and ν(X) is the numerical dimension of KX .
Let us recall some positivity concepts for holomorphic line bundles. Let
(X, ω) be a compact Hermitian manifold of complex dimension n, L → X
be a holomorphic line bundle over X.
• L is said to be semi-positive (positive), if there is a smooth Hermit-
ian metric h of L, such that the curvature iΘh ≥ 0 (> εω for some
ε > 0).
• L is said to be pseudo-effective (big), if there is a singular Hermitian
metric h of L, such that the curvature current iΘh ≥ 0 (> εω for
some ε > 0) in the sense of currents.
• L is said to be nef (numerically effective or numerically eventually
free), if for any ε > 0, there is a smooth Hermitian metric h of L,
such that the curvature iΘh ≥ −εω.
An Hermitian metric h of L is said to be singular, if locally we can write
h = e−2ϕ, with ϕ ∈ L1
loc
. The multiplier ideal sheaf I(ϕ) is the ideal sub-
sheaf of the germs of holomorphic functions f ∈ OX,x such that | f |2e−2ϕ is
integrable with respect to the Lebesgue measure in local coordinates near x.
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Let hL = e
−2ϕ be a singular Hermitian metric on L where ϕ ∈ L1
loc
(X,R).
The multiplier ideal sheaf of hL is defined by I(hL) = I(ϕ), which is well-
known to be coherent when ϕ is locally a plurisubharmonic function up to
a bounded function.
In this paper, we are going to study the following two questions by De-
mailly and Matsumura on the asymptotic estimate of dimensions of coho-
mology groups valued in high tensor powers of (nef) pseudo-effective line
bundles over a compact Hermitian manifold which is not necessarily a pro-
jective algebraic manifold.
Question 1.1 (Demailly’s question [17]). For a holomorphic nef line bundle
L and a holomorphic vector bundle E over a compact Hermitian n-fold X,
does the following estimate holds:
dimC H
q(X, Lk ⊗ E) ∼ O(kn−q) ?(1)
Question 1.2 (Matsumura’s question [33, 35]). Let L be a line bundle on
a compact Hermitian manifold with a singular metric h whose curvature is
(semi)-positive. Then, for any holomorphic vector bundle M on X and any
q ≥ 0, one asks if the following estimate holds:
dimC H
q(X,OX(M ⊗ Lk) ⊗ I(hk)) ∼ O(kn−q) ?(2)
In Demailly’s book [17], the same estimate as in Question 1.1 was proved
under the assumption that X is projective algebraic. The proof relies on the
projective algebraic condition of X, i.e. the existence of an ample line bun-
dle on X. However the existence of the ample line bundle is not guaranteed
for general compact Hermitian (even Ka¨hler) manifold. Demailly wrote in
his book that ” Observe that the argument does not work any more if X is
not algebraic. It seems to be unknown whether the O(kn−q) bound still holds
in that case”. We summarize the question as above Question 1.1. Note that
the estimate of Question 1.1 in the projective case was used to study abun-
dance conjecture (e.g. [29]).
In [33], Matsumura gave a positive answer to Question 1.2 when X is pro-
jective, and the existence of an ample line bundle on X is essentially needed
in the proof. This type of estimate was used to prove Nadel type vanishing
theorem via injectivity theorems, and thus called asymptotic cohomology
vanishing theorems for high tensor powers of line bundles with singular
metrics. Furthermore, Matsumura [33] wrote that if one can give a positive
answer to Question 1.2 under the condition that X is a compact Ka¨hler man-
ifold, then the corresponding vanishing theorems can be generalized to the
Ka¨hler case. Question 1.2 for Ka¨hler manifolds is also mentioned in Prob-
lem 3.4 in [35]. Here we summarize Question 1.2 for Hermitian manifolds
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in its full generality.
Note that Berndtsson’s estimate answers both Question 1.1 and Question
1.2 under an extra assumption that L is semi-positive, i.e. L admits a smooth
Hermitian metric with semi-positive curvature.
For the sake of convenience, we state Berndtsson’s result as follows: let
(X, ω) be a compact Hermitian manifold with Hermitian metric ω, E and
L holomorphic line bundles over X. Assume that L is given a metric of
semipositive curvature. Take q ≥ 1. Then if 0 ≤ λ ≤ k,
h
n,q
≤λ(X, L
k ⊗ E) ≤ C(λ + 1)qkn−q.
If 1 ≤ k ≤ λ, then
h
n,q
≤λ(X, L
k ⊗ E) ≤ Cλn,
where h
n,q
≤λ(X, L
k ⊗E) is the dimension of the linear span of ∂-closed Lk ⊗E-
valued (n, q)-eigen-forms of the ∂-Laplacian  with eigenvalue less than or
equal to λ. In particular, if λ = 0, h
n,q
≤0 (X, L
k ⊗ E) is just dimC Hq(X,KX ⊗
E⊗Lk). The proof of this result is a clever combination of localization tech-
nique, Siu’s ∂∂-formula [45] and a result of Skoda [50].
To apply Berndtsson’s technique in our case, we find some difficulties
which we can not overcome by direct use of the technique. On one hand,
one can not expect a smooth semi-positive representative in a nef class, we
need to compensate the loss of arbitrarily small positivity. On the other
hand, for a pseudo-effective line bundle, the singularities of the singular
metric can be very complicated.
Fortunately, by generalizing and combining the techniques of Siu, Berndts-
son and Bonavero, we can make some progress under the assumption that
L admits a singular metric with algebraic singularities. Note that this type
of assumption is often used to study some important problems in algebraic
geometry [30, 31].
Now let us introduce the main results in this paper.
Firstly, we compute the vector bundle version of the so called Siu’s ∂∂-
formula [45] in order to meet our needs. Given an E ⊗ L-valued (n, q)-form
u, we define an associated (n−q, n−q)-form Tu. Running a similar procedure
like in [3], we get the following
Proposition 1.1. Let (X, ω) be a compact Hermitian manifold with Hermit-
ian metric ω, E and L be holomorphic vector bundle of rank r and holo-
morphic line bundle respectively. Let u be an E ⊗ L-valued (n, q)-form. If u
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is ∂-close, the following inequality holds
i∂∂(Tu ∧ ωq−1) ≥ (−2Re〈u, u〉 + 〈ΘE⊗L ∧ Λu, u〉 − c|u|2)ωn.
The constant c is equal to zero if ∂ωq−1 = ∂ωq = 0, hence in particular if ω
is Ka¨hler.
Actually, when dω = 0, we can get the following identity for smooth
E ⊗ L-valued (n, q)-form u.
i∂∂(Tu ∧ ωq−1) = (−2Re〈∂∂
∗
u, u〉 + 〈ΘE⊗L ∧ Λu, u〉 + |∂γu|2 + |∂
∗
u|2 − |∂u|2)ωn.
(3)
It is worth to mention that, by carefully checking the computations of
the ∂∂-formula, we are able to derive a similar formula in the case that the
metric of L is singular.
Proposition 1.2. Let (X, ω) be a compact Ka¨hler manifold, (E, hE) → X be
a holomorphic Hermitian vector bundle over X, and (L, hL) be a holomrphic
pseudo-effective line bundle with singular metric hL such that iΘL,hL ≥ γ
with γ a continuous real (1, 1)-form on X. Suppose that u is an E⊗L-valued
(n, q)-form. Then we have the following equality
i∂∂(Tu ∧ ωq−1) = (−2Re〈∂∂
∗
u, u〉 + 〈ΘE⊗L ∧ Λu, u〉 + |∂γu|2 + |∂
∗
u|2 − |∂u|2)ωn.
Moreover, if u is ∂-closed, then we have
i∂∂(Tu ∧ ωq−1) ≥ (−2Re〈u, u〉 + 〈ΘE⊗L ∧ Λu, u〉)ωn.
The equality (3) can be used to prove vanishing theorems which is equiv-
alent to solve ∂-equations on compact Ka¨hler manifolds. By using Proposi-
tion 1.1, the main result of [3] is generalized to verctor bundle version.
Theorem 1.3. Let (X, ω) be a compact Hermitian manifold with Hermitian
metric ω, E be a holomorphic vector bundle and L be a holomorphic line
bundle over X. Assume that L is given a metric of semipositive curvature.
Take q ≥ 1. Then if 0 ≤ λ ≤ k,
h
n,q
≤λ(X, L
k ⊗ E) ≤ C(λ + 1)qkn−q.
If 1 ≤ k ≤ λ, then
h
n,q
≤λ(X, L
k ⊗ E) ≤ Cλn.
Then we consider the case of L pseudo-effective with algebraic singu-
larities, i.e. L is equipped a singular metric hL with algebraic singularities
whose curvature current is semi-positive in the sense of currents.
By combining Bonavero’s technique [5], Berndtsson’s technique [3], and
Theorem 1.3, we are able to obtain the following
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Theorem 1.4. Let (X, ω) be a compact Hermitian manifold of complex di-
mension n. (L, hL) is a pseudo-effective line bundle over X, such that hL is
a singular metric with algebraic singularities. E is a holomorphic vector
bundle over X. Then we have the following estimate
dimC H
q(X, Lk ⊗ E ⊗ I(hkL)) ≤ Ckn−q
for k large, where I(hk
L
) is the multiplier ideal sheaf associated to the metric
hk
L
of Lk.
Thus we give a positive answer to Question 1.2 under the assumption of
algebraic singularities.
Combining with an argument related to an exact sequence, it follows
from Theorem 1.4 that the following partial solution to Question 1.1 holds:
Theorem 1.5. Let X be a compact complex manifold, E → X be a holo-
morphic vector bundle over X, and L → X be a holomorphic line bundle
with a singular Hermitian metric hL with algebraic singularities such that
the curvature current of hL is semi-positive. Assume that the dimension of
the singular locus of hL is m. Then for q > m, we have that
dimHq(X,OX(E ⊗ Lk)) ≤ Ckn−q.
Furthermore, by a Diophantine approximation argument, we can weaken
the assumption of algebraic singularities in Theorem 1.5.
Theorem 1.6. Let X be a compact complex manifold, E → X be a holo-
morphic vector bundle over X, and L → X be a holomorphic line bundle
with a singular Hermitian metric hL with analytic singularities such that
the curvature current of hL is semi-positive. Let h be an arbitrarily smooth
Hermitian metric of L, and set e−ψ = hL/h. Suppose that there is a small
ε > 0, such that he−(1+δ)ψ are singular metrics of L with semi-positive cur-
vature current for |δ| < ε. Assume that the dimension of the singular locus
of hL is m. Then for q > m, we have that
dimHq(X,OX(E ⊗ Lk)) ≤ Ckn−q.
Combining with injectivity theorem obtained in [33], we get the follow-
ing two vanishing theorems.
Theorem 1.7. Let X be a compact Ka¨hler manifold, and L be a holomor-
phic line bundle over X. Suppose that L is pseudo-effective, and the singular
metric hmin with minimal singularities of L is with algebraic singularities.
Then we have that
Hq(X,OX(KX ⊗ L) ⊗ I(hmin)) = 0 for q > n − κ(L).
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Theorem 1.8. Let X be a compact Ka¨hler manifold, and L be a holomor-
phic line bundle with non-negative Kodaira-Iitaka dimension over X. Sup-
pose that L is pseudo-effective, and the Siu’s metric hsiu of L is with alge-
braic singularities. Then we have that
Hq(X,OX(KX ⊗ L) ⊗ I(hsiu)) = 0 for q > n − κ(L).
This paper is organized as follows: In Section 2, we recall some defini-
tions and fundamental results which will be used. In Section 3, we derive
∂∂-formula for forms valued in vector bundle on compact Hermitian mani-
folds including the case when the metric of the line bundle is singular with
local quasi-psh potential on compact Ka¨hler manifolds, which is a gener-
alization of Siu’s ∂∂-formula on compact Ka¨hler manifolds, and therefore
prove the Proposition 1.1. In Section 4, we consider singular ∂∂-formula
and prove Proposition 1.2. In Section 5, along the way of Berndtsson, we
generalize Berndtsson’s eigenvalue estimate of ∂-Laplacian to the case of
powers of line bundle tensor with vector bundle and prove Theorem 1.3. In
Section 6, we give the proof of our main Theorem 1.4. In Section 7, we give
a proof of Theorem 1.5 which partially answers the question of Demailly.
In Section 8, we give the proof of two vanishing theorems, i.e. Theorem 1.7
and Theorem 1.8.
2. Technical preliminaries
2.1. Algebraic singularities.
Definition 2.1. Let L → X be a holomorphic line bundle over a complex
manifold X. Let h = e−2ϕ be a singular metric of L.
We say h is a singular metric with analytic singularities if ϕ is a locally
integrable function on X which has locally the form
ϕ =
c
2
log(
N∑
j=1
| f j|2) + ψ,(4)
where f j are non-trivial holomorphic functions and ψ is smooth and c is a
R+-valued, locally constant function on X.
We call h a singular metric with algebraic singularities, if c ∈ Q+.
2.2. Multiplier ideal sheaves.
Definition 2.2 (cf. [17]). Let L → X be a holomorphic line bundle over
a complex manifold X. Let h = e−2ϕ be a singular metric of L which has
analytic singularities, i.e., ϕ locally has the form (4). Then I = I (ϕ/c)
is defined to be the ideal of germs of holomorphic functions h such that
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|h| ≤ Ceϕ/c for some constant C. i.e.
|h| ≤ C(| f1| + · · · + | fN |).
This is a globally defined ideal sheaf on X, locally equal to the integral
closure ( f1, · · · , fN), and I is coherent on X. If (g1, · · · , gN′) are local
generators of I , we still have
ϕ =
c
2
log(
N′∑
j=1
|g j|2) + ψ′,
where ψ′ is smooth.
Usually, given a plurisubharmonic (psh for short) function ϕ, it is not
easy to compute the multiplier ideal sheaf I(ϕ). When ϕ is with analytic
singularities, the following facts are collected from [17].
(I) If ϕ has the form ϕ =
∑
λ j log |g j| where D j = g−1j (0) are nonsin-
gular irreducible divisors with normal crossings. Then I(ϕ) is the
sheaf of functions f on open sets U ⊂ X such that∫
U
| f |2
∏
|g j|−2λ jdV < ∞.
Since locally the gi can be taken to the coordinate functions from
a local coordinate system (z1, · · · , zn), the condition is that f is di-
visible by
∏
g
m j
j
where m j − λ j > −1 for each j, i.e. m j ≥ ⌊λ j⌋
(integral part). Hence
I(ϕ) = O(−⌊D⌋) = O(−
∑
⌊λ j⌋D j).
(II) For the general case of analytic singularities, suppose that
ϕ ∼ c
2
log(| f1|2 + · · · + | fN |2)
near the poles.
From Definition 2.2, one can assume that the ( f j)’s are generators
of the integrally closed ideal sheaf I = I (ϕ/c), defined as the
sheaf of holomorphic functions f such that | f | ≤ C exp(ϕ/c).
There is a smooth modification µ : X˜ → X of X such that µ∗I is
an invertible sheaf OX˜(−D) associated with a normal crossing divi-
sor D =
∑
λ jD j, where (D j) are the components of the exceptional
divisor of X˜, and λ j ∈ N+.
Thus locally we have
ϕ ◦ µ ∼ c
∑
λ j log |g j|
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where g j are local generators of O(−D j). So
I(ϕ ◦ µ) = O(−
∑
⌊cλ j⌋D j),
and
I(ϕ) = µ∗OX˜(
∑
(ρ j − ⌊cλ j⌋)D j),
where R =
∑
ρ jD j is the zero divisor of the Jacobian function Jµ of
the modification map.
2.3. Skoda’s Lemma.
Definition 2.3. For a psh function ϕ on an open set Ω ⊂ Cn, the Lelong
number of ϕ at x is defined to be
ν(ϕ, x) := lim inf
z→x
ϕ(z)
log |z − x| .
Lemma 2.1 ([49]). Let ϕ be a psh function on an open set Ω ⊂ Cn and let
x ∈ Ω.
(i) If ν(ϕ, x) < 1, then e−2ϕ is integrable in a neighborhood od x, in
particular, I(ϕ)x = OΩ,x.
(ii) If ν(ϕ, x) ≥ n+ s for some integer s ≥ 0, then e−2ϕ ≥ C|z− x|−2n−2s in
a neighborhood of x and I(ϕ)x ⊂ ms+1Ω,x , where ms+1Ω,x is the maximal
ideal of OΩ,x.
2.4. An isomorphism theorem of cohomology groups.
Lemma 2.2 (cf. [32]). Let π : X˜ → X be the blow-up of X with smooth
center Y ⊂ X. L → X be a holomorphic line bundle with singular metric
hL. Assume that in the neighborhood of any point of the exceptional divisor
D of π, a local weight ϕ of the metric hL (hL = e
−2ϕ) satisfies
ϕ ◦ π = c log | f | + ψ,
for some c > 0, f is a local definition function of D and ψ is quasi-psh.
Then for any p > 1/c and q ≥ 0, we have
Hq(X˜,KX˜ ⊗ π∗(Lp ⊗ E) ⊗ I(π∗hLp)) ≃ Hq(X,KX ⊗ Lp ⊗ E ⊗ I(hLp)),
i.e.
Hn,q(X˜, π∗(Lp ⊗ E) ⊗ I(π∗hLp)) ≃ Hn,q(X, Lp ⊗ E ⊗ I(hLp)),
Remark 2.1. A real function is said to be quasi-psh, if it can be written
as the sum of psh function and a smooth function locally. Lemma 2.2 is a
consequence of Leray spectral theorem.
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2.5. Lebesgue decomposition of a current. For a measure µ on a mani-
fold M we denote by µac and µsing the uniquely determined absolute contin-
uous and singular measures (with respect to the Lebesgue measure on M)
such that
µ = µac + µsing
which is called the Lebesgue decomposition of the measure µ.
If T is a (1, 1)-current of order 0 on X, written locally T = i
∑
Ti jdzi∧dz j,
we defines its absolute continuous and singular components by
Tac = i
∑
(Ti j)acdzi ∧ dz j,
Tsing = i
∑
(Ti j)singdzi ∧ dz j.
The Lebesgue decomposition of T is then
T = Tac + Tsing.
Note that a positive (1, 1)-current T ≥ 0 is of order 0. If T ≥ 0, it follows
that Tac ≥ 0 and Tsing ≥ 0. Moreover, if T ≥ α for a continuous (1, 1)-form
α, then Tac ≥ α, Tsing ≥ 0.
It follows from the Radon-Nikodym theorem that Tac is (the current as-
sociated to) a (1, 1)-form with L1
loc
coefficients. The form Tac(x)
n exists for
almost all x ∈ X and is denoted by T nac.
Note that Tac in general is not closed, even when T is, so that the decom-
position doesn’t induce a significant decomposition at the cohomological
level.
However, when T is a closed positive (1, 1)-current with analytic singu-
larities along a subscheme V , the residual part R in Siu decomposition (cf.
[44]) of T is nothing but Tac, and
∑
k ν(T, Yk)[Yk] is Tsing.
Remark 2.2. Suppose now X is a compact complex manifold of complex
dimension n. (L, hL) be a pseudo-effective line bundle over X, such that
hL is a singular metric with analytic singularities. Then there is a smooth
modification µ : X˜ → X, such that µ∗I is an invertible sheaf OX˜(−D)
associated with a normal crossing divisor D =
∑
λ jD j, where (D j) are the
components of the exceptional divisor of X˜. Now locally we can write
µ∗ϕ = ϕ ◦ µ = c log |sD| + ψ˜,
where sD is the canonical section of OX˜(−D), and ψ˜ is a smooth potential.
This implies that we have the following Lebesgue decomposition
i
π
µ∗ΘhL =
i
π
∂∂(µ∗ϕ) = c[D] + β(5)
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where [D] is the current of integration over D and β is a smooth closed
(1, 1)-form. From the pseudo-effectiveness, i.e. i
π
µ∗ΘhL ≥ 0, we can con-
clude that β ≥ 0.
2.6. Regularity lemma.
Lemma 2.3 ([52, Lemma 9.3]). Let ϕ be a function in L1
loc
(Ω) such that ∆ϕ
is a measure, where Ω is a domain in Rm (m ≥ 2) and ∆ = ∑mj=1 ∂2(∂x j)2 , then
∂
∂x j
ϕ is a function in L1
loc
(Ω).
Remark 2.3. If ϕ is a quasi-psh function, then ϕ is in L1
loc
and by Lemma
2.3 ∇ϕ is also in L1
loc
.
3. ∂∂-formula for vector bundle valued forms
Let (E, hαβ) be a Hermitian holomorphic vector bundle of rank r over
an n-dimensional compact Hermitian manifold (X, ω). Let (L, hL = e
−ψ :=
e−2ϕ) be a Hermitian holomorphic line bundle over X.
The curvature form
Θαβ = −
√
−1
∑
i, j
Ωαβi jdz
i ∧ dz j
of E is given by
Ωαβi j = ∂i∂ jhαβ − hλµ∂ihαµ∂ jhλβ.
Let D′ be the (1, 0)-part of the Chern connection associated to the vector
bundle E ⊗ L with respect to the Hermitian metrics of E and L. Then one
have the following formula
D′∂ + ∂D′ = ΘE⊗L,(6)
and
∂
∗
= − ∗ D′ ∗ .(7)
For the detailed computations, we refer to [26].
Let
uα =
1
p!q!
∑
uα
IpJ
qdz
Ip ∧ dzJ
q
be an E-valued (p, q)-form on X.
Let u be an E⊗L-valued (n, q)-form, we define an associated (n−q, n−q)-
form which in a local trivialization is written as
Tu = cn−qhαβγ
α ∧ γβe−ψ(8)
where γα = ∗uα, cn−q = i(n−q)2 .
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Here ∗ denote the Hodge operator of the Hermitian manifold X, defined
by the formula
ξ ∧ ∗ξ = |ξ|2ωn
where ξ is a (p, q)-form on X.
The relation ∗uα = γα can be expressed as
uα = cn−qγ
α ∧ ωq,
and moreover we have
∗γα = (−1)n−qcn−qγα ∧ ωq.
In the following we shall also use the relations icq = (−1)qcq−1 and cq−1 =
cq+1.
By direct computation, we get that
∂(hαβγ
α ∧ γβe−ψ) = hαβ(∂γα ∧ γβ + (−1)n−qγα ∧ D′γβ)e−ψ
And then
∂∂(hαβγ
α ∧ γβe−ψ) = hαβ(D′∂γα ∧ γβ + (−1)n−q+1∂γα ∧ ∂γβ+
+ (−1)n−qD′γα ∧ D′γβ + γα ∧ ∂D′γβ)e−ψ.
By using the commutator formula (6), we can get that
∂∂(hαβγ
α ∧ γβe−ψ) = hαβ(ΘE⊗L ∧ γα ∧ γβ − ∂D′γα ∧ γβ+(9)
+ (−1)n−q+1∂γα ∧ ∂γβ + (−1)n−qD′γα ∧ D′γβ + γα ∧ ∂D′γβ)e−ψ.
By the formula (7), we have that
∂
∗
uα = − ∗ D′γα = (−1)n−qcn−q−1D′γα ∧ ωq−1,
which implies that
∂∂
∗
uα = (−1)n−qcn−q−1(∂D′γα ∧ ωq−1 + (−1)n−q−1D′γα ∧ ∂ωq−1)(10)
= (−1)n−qcn−q−1(∂D′γα ∧ ωq−1 + O(|∂
∗
uα||∂ωq−1|)).
In complex geometry, ∂ω is called the torsion form of ω (the operator
τ := [Λ, ∂ω] is called the torsion operator), one can see that
∂ωq−1 = ∂ω ∧ ωq−2,
where the torsion comes into the game.
If the Hermitian metric ω is Ka¨hler (i.e. dω = 0), this term disappears.
Multiply (9) by icn−qωn−q, we have five terms. By (10), the second term
in (9) equals
−hαβ∂D′γα ∧ γβe−ψ = −hαβ∂∂
∗
uα ∧ γβe−ψ = −〈∂∂∗u, u〉ωn
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up to an error of size O(|∂∗u||∂ωq−1||u|).
Since the entire expression is real, the fifth term must be the conjugate of
the second one, so these terms together give
−2Re〈∂∂∗u, u〉ωn.
The first term is the curvature term
〈ΘE⊗L ∧ Λu, u〉ωn = 〈(ΘE + ΘL ⊗ 1E) ∧ Λu, u〉ωn.
Checking signs, we see that the forth term equals
|∂∗u|2ωn,
so it only need to analyse the third term.
Consider the bilinear form on E ⊗ L valued (n − q, 1)-forms defined by
[χ, η]ωn = icn−q(−1)n−q+1hαβχα ∧ ηβ ∧ ωq−1 = −cn−q+1hαβχα ∧ ηβ ∧ ωq−1.
(11)
Fix an arbitrary point x ∈ X, we can choose a good coordinate chart (U, z)
centered at x and a good trivialization of E and L such that ω = i
2
∂∂|z|2,
hαβ = δαβ and ψ = 0 at x. Then the bilinear form (11) at x reads
[χ, η]ωn = −cn−q+1
r∑
α=1
χα ∧ ηα ∧ ωq−1.
For each α ∈ {1, 2, · · · , r}, we consider
[χ, η]ωn = −cn−q+1χα ∧ ηα ∧ ωq−1.(12)
It is proved in [3] that at x
• the form (12) is negative definite on the subspace Vα forms that can
be written χα = χα
0
∧ ω ( it then equals a negative multiple of the
norm square of χ0),
• the annihilator Voα of Vα with respect to [, ] in (12), consists precisely
of forms satisfying χα ∧ ωq = 0 , and Vα ∩ Voα = {0},
• the form (12) is positive definite on Voα,
• any (n − q, 1)-form χα can be decomposed uniquely
χα = χα1 + χ
α
0 ∧ ω
with χα
1
∈ Voα.
Since the point x ∈ X is arbitrarily chosen, it follows that any E⊗L-valued
(n − q, 1)-form χ can be decomposed uniquely
χ = χ1 + χ0 ∧ ω
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with χ1 ∈ Vo, where Vo is the annihilator of V with respect to [, ] in (11)
and V is the subspace of E ⊗ L-valued (n−q, 1) forms on which the bilinear
form [, ] in (11) is negative definite.
Now let χ = ∂γ. Since u = cn−qγ ∧ ωq is ∂-closed, we have that
∂γ ∧ ωq = (−1)n−q−1γ ∧ ∂ωq.(13)
Decomposing ∂γ = χ1 + χ0 ∧ ω and plugging into (13), we have
χ0 ∧ ω ∧ ωq = (−1)n−q−1γ ∧ ∂ωq.
Since χ0 is of bidegree (n − q − 1, 0), this means that |χ0| = O(|γ||∂ωq|) =
O(|u||∂ωq|). This means that the only possible negative contribution of
[∂γ, ∂γ] can be estimated by c|u|2. If we also estimate the earlier error term
O(|∂∗u||∂ωq−1||u|) ≤ Cε|u|2 + ε|∂
∗
u|2,
and collect all the terms and note that ∂∂
∗
u = u if u is ∂-closed, we get
that
i∂∂Tu ∧ ωq−1 ≥ (−2Re〈u, u〉 + 〈ΘE⊗L ∧ Λu, u〉 + (1 − ε)|∂
∗
u|2 −Cε|u|2)ωn.
Thus we get the following
Proposition 3.1. Let (X, ω) be a compact Hermitian manifold with Hermit-
ian metric ω, E and L be holomorphic vector bundle of rank r and holo-
morphic line bundle respectively. Let u be an E ⊗ L-valued (n, q)-form. If u
is ∂-close, the following inequality holds
i∂∂Tu ∧ ωq−1 ≥ (−2Re〈u, u〉 + 〈ΘE⊗L ∧ Λu, u〉 − c|u|2)ωn.
The constant c is equal to zero if ∂ωq−1 = ∂ωq = 0, hence in particular if ω
is Ka¨hler.
Remark 3.1. Actually, when dω = 0, we can get the following identity for
smooth E ⊗ L-valued (n, q)-form u.
i∂∂Tu ∧ ωq−1 = (−2Re〈∂∂
∗
u, u〉 + 〈ΘE⊗L ∧ Λu, u〉 + |∂γu|2 + |∂
∗
u|2 − |∂u|2)ωn.
Proof. To get the equality, we only need to analyse the term
(−1)n−q+1hαβ∂γα ∧ ∂γβe−ψ.
We need the following Lemma which is a variant of Lemma 4.2 in [4].
Lemma 3.2. Let ξ be a E ⊗ L valued (n − q, 1) form. Then
icn−q(−1)n−q−1hαβξα ∧ ξβ ∧ ωq−1 = (|ξ|2 − |ξ ∧ ωq|2)ωn.
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Proof. First we observe that the identity is pointwise. Fix arbitrary point
x0 ∈ X, we can choose normal coordinates of X centered at x0 and choose
normal trivialization of E and any trivialization of L, such that ω(x0) =∑
dzi ∧ dzi and hαβ(x0) = δαβ.
Then the question in hand is reduced to the case considered in Lemma
4.2 in [4]. Thus we complete the proof of the Lemma. 
From Lemma 3.2, Remark 3.1 follows easily along the line of the proof
of Proposition 3.1. 
It is worth to mention that from Remark 3.1, we can get the following
estimate
Proposition 3.3. Assume (X, ω) is a compact Ka¨hler n-fold, E and L are
holomorphic Hermitian vector bundles and line bundles over X, and the
curvature form ΘE⊗L is strictly Nakano positive, i.e. ΘE⊗L ≥ cω ⊗ 1E⊗L for
some positive constant c. Let u be an E ⊗ L valued (n, q)-form. Then we
have
qc
∫
X
|u|2ωn +
∫
X
|∂γu|2ωn ≤
∫
X
|∂u|2ωn +
∫
X
|∂∗u|2ωn.
Remark 3.2. Remark 3.1 and Proposition 3.3 can be used to prove vanish-
ing theorems and extension theorems for vector bundles, cf. [41, 42].
4. ∂∂-formula for the singular line bundle case
We are now concerned with the situation that the metric hL of the line
bundle L is singular. Suppose that the curvature ΘhL ≥ γ in the sense of
current for some continuous (1, 1)-form, i.e. the line bundle is quasi pseudo-
effective. In this case, the local potentials ψ are quasi-psh functions.
From (10), one can see that if ∂ωq−1 , 0, one can not get an estimate
of the term O(|∂∗uα||∂ωq−1|), since in this case our ψ is singular. For this
reason, in this subsection, we work on compact Ka¨hler manifold, i.e. the
Hermitian metric ω satisfies dω = 0 on X.
Let u be an E ⊗ L valued (n, q)-form, the associated (n − q, n − q)-form
Tu defined by (8). We have the following local data
• Smooth metric hαβ of E and singular metric hL = e−ψ locally with ψ
a quasi-psh (L1
loc
) function.
• Singular Chern connection D = D′ + ∂, with the (1, 0)-connection
matrix ΓE ⊗ 1L − ∂ψ ⊗ 1E, where ΓE is the connection matrix of E
and ∂ψ is a (1, 0)-form with L1
loc
coefficients by Lemma 2.3.
• ΘE⊗L = ΘE⊗1L+∂∂ψ⊗1E⊗L, where ∂∂ψ is a closed positive current.
• The commutator formula (6) also holds: ∂D′ + D′∂ = ΘE⊗L.
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• The ∂∗-operator is also a first order differential operator with L1
loc
-
coefficents.
• The operator ∂∂∗ also makes sense, hence the Laplace operator 
makes sense as well. In fact, we have already get the explicit for-
mula for ∂∂
∗
in (10), from which one can get the conclusion.
By the same computation in Section 3, under the extra assumption that dω =
0, we can get the following
Proposition 4.1. Let (X, ω) be a compact Ka¨hler manifold, (E, hE) → X be
a holomorphic Hermitian vector bundle over X, and (L, hL) be a holomrphic
pseudo-effective line bundle with singular metric hL such that iΘL,hL ≥ γ
with γ a continuous real (1, 1)-form on X. Suppose that u is an E⊗L-valued
(n, q)-form. Then we have the following equality
i∂∂Tu ∧ ωq−1 = (−2Re〈∂∂
∗
u, u〉 + 〈ΘE⊗L ∧ Λu, u〉 + |∂γu|2 + |∂
∗
u|2 − |∂u|2)ωn.
Moreover, if u is ∂-closed, then we have
i∂∂Tu ∧ ωq−1 ≥ (−2Re〈u, u〉 + 〈ΘE⊗L ∧ Λu, u〉)ωn.
5. Proof of Theorem 1.3
Have the vector bundle version ∂∂-formula in hand, the proof of Theorem
1.3 can be copied word by word from [3].
Firstly, from the vector bundle version ∂∂-formula, we can obtain that
i∂∂Tu ∧ ωq−1 ≥ (−2Re〈u, u〉 − c′|u|2)ωn,
Following the same argument (a standard calculation) in [3], one can con-
clude that if u ∈ Hn,q≤λ (X, Lk ⊗ E) with ∂u = 0, and the metric on L as
semi-positive curvature, then for r < λ−1/2 and r < c0,∫
|z|<r
|u|2ωn ≤ Cr2q(λ + 1)q
∫
X
|u|2ωn,
where the constants c0 and C are independent of k, λ and the point x.
Secondly, one can get a pointwise norm estimate of u. In fact, fix an
arbitrary point x ∈ X. Choose a local coordinates z, near x such that z(x) = 0
and ω = i
2
∂∂|z|2 at x. Choose local trivializations of E and L such that the
metrics of E and L take the following form
hαβ(z) = δαβ + O(|z|2);(14)
ψ(z) =
∑
µ j|z j|2 + o(|z|2).
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We do the following rescaling trick. For any form u, we express u in
terms of the trivializations and local coordinates and put
u(k)(z) = u(z/
√
k),
so that u(k) is defined for |z| < 1 if k is large enough.
In the same time, the Laplacian is also scaled in the following form
k(k)u(k) = (u)(k).
As stated in [3], it is not hard to see that if  is defined by the metric kψ on
Lk and hαβ on E, then 
(k) is associated to the line bundle metric (kψ)(z/
√
k)
and the vector bundle metric hαβ(z/
√
k).
From (14), we can see that (k) is associated to∑
µ j|z j|2 ⊗ δαβ + o(1),
hence converges to a k-independent elliptic operator. Hereafter, by almost
the same argument as in [3], one can complete the proof of Theorem 1.3.
6. Proof of Theorem 1.4
Now let µ : X˜ → X, c, λ j and D j be as in (II) of Section 2.2. For any
Hermitian vector bundle (F, hF) on X, we set (F˜, hF˜) := (µ
∗F, µ∗hF).
From Remark 2.2, we have that
ϕ˜ := µ∗ϕ = ϕ ◦ µ = c log |sD| + ψ˜,
where sD is the canonical section of OX˜(−D) with D =
∑
j λ jD j, and ψ˜ is a
smooth potential.
From (I) in Section 2.2, we have
I(hL˜p) = OX˜(−
∑
j
⌊cλ jp⌋D j).
The main idea is to take advantage of the fact that I(hL˜p) is invertible and
we write L˜p ⊗ I(hL˜p) as a tensor power of a fixed line bundle.
Fix r ∈ N, m ∈ N∗ such that c = r/m. Set D˜ = rD = mc∑ j λ jD j,
L̂ = L˜m ⊗ OX˜(−D˜).
Let hO
X˜
(−D˜) be the singular Hermitian metric on OX˜(−D˜) given by |sD|2r
locally. Then the local potential of hO
X˜
(−D˜) is −r log |sD|.
Let hL̂ = hL˜m ⊗ hO
X˜
(−D˜) be the metric on L̂ induced by hL˜m and hO
X˜
(−D˜).
18 ZHIWEI WANG AND XIANGYU ZHOU
It is easy to see that the metric hL̂ is smooth on X˜, and iΘL̂,h
L̂
≥ 0. In fact,
the local weight ϕ̂ of hL̂ is
ϕ̂ = mϕ˜ − r log |sD|
= m(ϕ˜ − c log |sD|)
= mψ˜.
By taking i
π
∂∂¯, we get that
i
π
∂∂¯ϕ̂ = m
i
π
∂∂¯ψ˜
= m
i
π
∂∂¯(ϕ˜ − c log |sD|)
= m(
i
π
ΘL˜,h
L˜
− [D])
= mβ ≥ 0,
where the last equality follows from Remark 2.2. That is to say, L̂ can be
equipped with a smooth Hermitian metric with semi-positive curvature.
We observe that for p′ ∈ N,
I(hL˜mp′ ) = OX˜(−p′D˜), L̂p
′
= L˜mp
′ ⊗ I(hL˜mp′ ).
Write p = p′m + m′ (where c = r/m as above, 0 ≤ m′ < m, p′,m′ ∈ N);
then ⌊cλ jp⌋ = rλ jp′ + ⌊cλ jm′⌋.
Now we want to prove that for p sufficiently large,
dimC H
n,q(X˜, L˜p ⊗ E˜ ⊗ I(hL˜p)) ≤ C(p′)n−q ≤ Cpn−q,(15)
The proof depends on the residue m′ = 0, 1, · · · ,m − 1.
(1) m′ = 0, i.e. p = mp′. Since the metric on L̂ is semipositive, then
from Theorem 1.3, we have that for P′ sufficiently large
dimC H
n,q(X˜, L˜p ⊗ E˜ ⊗ I(hL˜p)) = dimC Hn,q(X˜, L̂p
′ ⊗ E˜)
≤ C0(p′)n−q ≤ C0pn−q,
where the constant C0 is independent of p.
(2) For m′ , 0, we consider integers pm′ = p′m + m′, p′ ∈ Z+. Set
E˜m′ = L˜
m′ ⊗ E˜ ⊗ OX˜(−
∑
j
⌊cλ jm′D j⌋).
Then we get that
L˜pm′ ⊗ E˜ ⊗ OX˜(−
∑
j
⌊cλ jpm′⌋D j) = L̂p′ ⊗ E˜m′ .
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Then since E˜m′ is now a holomorphic line bundle, one can take a
smooth Hermtian metric on E˜m′ , and by applying (15), we can get
that for p′ sufficiently large and
dimC H
n,q(X˜, L˜pm′ ⊗ E˜ ⊗ I(hL˜pm′ )) = dimC Hn,q(X˜, L̂p
′ ⊗ E˜m′)
≤ Cm′(p′)n−q ≤ Cm′ pn−qm′ ,
where the constant Cm′ is independent of p
′
m.
(3) To sum up, from the above m cases, one can conclude that for p
sufficiently large, the following estimate holds:
dimC H
n,q(X˜, L˜p ⊗ E˜ ⊗ I(hL˜p)) ≤ Cpn−q,
where the constant C is independent of p.
Substituting E˜ by E˜ ⊗ K∗
X˜
, we get that
dimC H
q(X˜, L˜p ⊗ E˜ ⊗ I(hL˜p)) ≤ Cpn−q.
We now apply Lemma 2.2 to each step of the blowing-up ofI performed
in the modification µ in the assumption. In doing so, we replace E by E⊗K∗X.
The hypothesis in Lemma 2.2 is satisfied, since our local weight ϕ has
analytic singularities and the centers of the blow-ups are included in the
sigular locus of the metric.
Thus we can apply Lemma 2.2 finitely many times and we get that for all
q ≥ 0, and p large enough,
Hq(X, Lp ⊗ E ⊗ I(hLp)) ≃ Hq(X˜, L˜p ⊗ E˜ ⊗ KX˜ ⊗ K˜∗X ⊗ I(hL˜p)).(16)
Then applying the above proof to the right-hand side of (16), we complete
the proof of Theorem 1.4.
7. A partial solution to Question 1.1
Denote by Vk the support of the multiplier ideal sheaf OX/I(hkL).
From the short exact sequence
0 → OX(E ⊗ Lk) ⊗ I(hkL) →OX(E ⊗ Lk) → OVk(E ⊗ Lk) → 0,
we can get a long exact sequence
· · · → Hq(X,OX(E ⊗ Lk) ⊗ I(hkL)) → Hq(X,OX(E ⊗ Lk))(17)
→ Hq(Vk,OVk(E ⊗ Lk)) → Hq+1(X,OX(E ⊗ Lk) ⊗ I(hkL)) → · · · .
Since hL is a singular metric with analytic singularities, from Lemma 2.1
(or by the strong Notherian property of the ideal sheaf OX/I(hkL)), we know
that for sufficiently large k, Vk is stationary, which is just the singular locus
of the metric hL.
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It follows from Theorem 1.4 that
dimHq(X,OX(E ⊗ Lk) ⊗ I(hkL)) ≤ Ckn−q.(18)
Suppose that the dimension of Vk for k large is m. We have that
dimHq(Vk,OVk(E ⊗ L)) = 0, for q > m.(19)
By combining (17), (18) and (19), we obtain that
dimHq(X,OX(E ⊗ Lk)) ≤ Ckn−q, for q > m.
In conclusion, we get the following
Theorem 7.1. Let X be a compact complex manifold, E → X be a holo-
morphic vector bundle over X, and L → X be a holomorphic line bundle
with a singular Hermitian metric hL with algebraic singularities such that
the curvature current of hL is semi-positive. Assume that the dimension of
the singular locus of hL is m. Then for q > m, we have that
dimHq(X,OX(E ⊗ Lk)) ≤ Ckn−q.
Remark 7.1. Theorem 7.1 is a partial answer to Question 1.1.
The assumption of algebraic singularities can be weakened. In fact, we
have the following
Theorem 7.2. Let X be a compact complex manifold, E → X be a holo-
morphic vector bundle over X, and L → X be a holomorphic line bundle
with a singular Hermitian metric hL with analytic singularities such that
the curvature current of hL is semi-positive. Let h be an arbitrarily smooth
Hermitian metric of L, and set e−ψ = hL/h. Suppose that there is a small
ε > 0, such that he−(1+δ)ψ are singular metrics of L with semi-positive cur-
vature current for |δ| < ε. Assume that the dimension of the singular locus
of hL is m. Then for q > m, we have that
dimHq(X,OX(E ⊗ Lk)) ≤ Ckn−q.
To prove Theorem 7.2, we need the following Diophantine approxima-
tion theorem due to E´mile Borel.
Lemma 7.3. For every irrational number c, there are infinitely many frations
p
q
, such that
∣∣∣∣c − p
q
∣∣∣∣ < 1√
5q2
.(20)
ASYMPTOTIC DIMENSIONS OF COHOMOLOGY GROUPS 21
Proof of Theorem 7.2. Since hL is with analytic singularities, we have that,
locally, ψ can be written
ψ ≡ c
2
log(
N∑
j=1
| f j|2) mod C∞.
For any (p, q) satisfies (20), we have∣∣∣∣1 − 1
c
p
q
∣∣∣∣ ≤ 1√
5cq2
Take sufficiently large (p, q) such that
p
q
satisfies (20) and 1√
5cq2
< ε. Set
cp,q =
1
c
p
q
, then |cp,q − 1| < ε. From the assumption, we have that hp,q :=
he−cp,qψ is a singular metric of L with algebraic singularities such that the
curvature current is semi-positive. In fact,
hp,q = = he
−(1+(cp,q−1))ψ = he−(1+δ)ψ, |δ| < ε,
cp,qψ ≡ p/q
2
log(
N∑
j=1
| f j|2) mod C∞.
But the singular locus of hp,q is exactly the same as the one of hL. By
applying Theorem 7.1, we can complete the proof of Theorem 7.2.

Remark 7.2. From the proof, we can see that the ε in the assumption of
Theorem 7.2 can be chosen to be arbitrarily small.
Remark 7.3. If (L, hL) → X is a singular metric with analytic singularities
such that the curvature current is semi-positive in the sense of current and
the singular locus of hL are isolated points, then we can see that L admits
a smooth Hermitian metric with semi-positive curvature. From this, we can
conclude that if L satisfies the assumption in Theorem 7.1, and furthermore
L is not semi-positive, then the dimension of the singular locus is positive.
Remark 7.4. A pseudo-effective line bundle L is nef if there is a singular
metric on L with semi-positive curvature current such that the Lelong num-
ber of the local potential is zero everywhere. More precisely, the necessary
and sufficient condition for a pseudo-effective line bundle to be nef is char-
acterized in [38, 39] by Pa˘un.
We want to mention that one may not hope that for every nef line bundle
L, there exists a singular metric h on L with semi-positive curvature current,
such that the Lelong number of the local potential of h is everywhere zero.
Actually, it is closely related to the so called non-Ka¨hler locus or non-nef
locus which was systematically studied in [8] and [11].
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To finish this section, we mention an example of Demailly-Peternelle-
Schneider in [20] as a supplement of Remark 7.4.
Let Γ = C/(Z + Zτ), Imτ > 0, be an elliptic curve and let E be the rank 2
vector bundle over Γ defined by
E = C × C2/(Z + Zτ)
where the action of Z + Zτ is given by the two automorphisms
g1(x, z1, z2) = (x + 1, z1, z2);
gτ(x, z1, z2) = (x + τ, z1 + z2, z2),
where the projection E → Γ is induced by the first projection (x, z1, z2) 7→ x.
ThenC×C×{0}/(Z+Zτ) is a trivial line subbundleO ֒→ E, and the quotient
E/O ≃ Γ × {0} × C is also trivial.
Let L be the line bundle L = OE(1) over the ruled surface X = P(E).
From the exact sequence
0 → O → E → O → 0,
it is shown in [20] that L is nef over X.
Moreover, the only possible metric h of L with semi-positive curvature
is shown to be a singular metric with analytic singularities and moreover
i
π
ΘL,h = [C], where [C] is the current of integration over a curve C. For
detailed computations, the reader is referred to see [20, Example 1.7].
8. Two vanishing theorems
Definition 8.1 (Kodaira-Iitaka dimension of a line bundle). For a holomor-
phic line bundle over a compact complex manifold X, the Kodaira-Iitaka
dimension of L is defined to be
κ(L) := lim sup
k→+∞
log dimC H
0(X, Lk)
log k
.
It is worth to mention that for any compact complex manifold X and a
holomorphic line bundle L over X, if the Kodaira-Iitaka dimension of L is
non-negative, then there is a singular metric hL with analytic singularities
on L such that the curvature current is semi-positive in the sense of current.
Moreover, by using sections of tensor powers Lk of L, one can define
Siu’s metric as follows: for a basis {sk
j
}Nk
j=1
of H0(X, Lk), we define a metric
ϕk by
ϕk :=
1
2k
log
Nk∑
j=1
|skj|2.(21)
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Taking a convergent series {εk}∞k=1, one can define a metric hsiu on Lwhose
local weight is equal to log
∑∞
k=1 εke
ϕk . This type of metric is called Siu’s
metric which was first introduced by Siu and plays important role in [47].
Siu’s metric hsiu and the associated multiplier ideal sheaf I(hsiu) depend
on the choice of {εk}∞k=1, but hsiu always admits an analytic Zariski decom-
position, i.e. H0(X, Lk) = H0(X, Lk ⊗ I(hk
siu
)).
Theorem 8.1. Let X be a compact Ka¨hler manifold and L be a holomorphic
line bundle over X. Suppose that L is pseudo-effective, and the singular
metric hmin with minimal singularities of L is with algebraic singularities.
Then we have that
Hq(X,OX(KX ⊗ L) ⊗ I(hmin)) = 0 for q > n − κ(L).
To prove the above Theorem, we need the following Theorem which is a
consequence of injectivity theorem.
Theorem 8.2 ([33, Corollary 3.3] ). Let (L, hL) and (M, hM) be line bun-
dles with singular metrics on a compact Ka¨hler manifold X. Assume the
following conditions:
• There exists a subvariety Z on X such that hL and hM are smooth on
X \ Z.
•
√
−1ΘhL(L) ≥ γ and
√
−1ΘhM (M) ≥ γ for some smooth (1, 1)-form
γ on X.
•
√
−1ΘhL(L) ≥ 0 on X \ Z.
•
√
−1ΘhL(L) ≥ ε
√
−1ΘhM (M) on X \ Z for some positive number
ε > 0.
Assume that hq(X,OX(KX ⊗ L) ⊗ I(hL)) is not zero. Then we have
dimH0bdd,hM (X,M) ≤ hq(X,OX(KX ⊗ L ⊗ M) ⊗ I(hLhM)),
where H0
bdd,hM
(X,M) is the space of sections of M with bounded norm
H0bdd,hM (X,M) := {s ∈ H0(X,M)| sup
X
|s|hM < +∞}.
Proof of Theorem 8.1. Suppose to the contrary, we assume that hq(X,OX(KX⊗
L) ⊗ I(hmin)) for q > n − k(L) is not zero.
Since hmin is of minimal singularities, it admits an analytic Zariski de-
composition, which means that
h0(X, Lk−1) = h0
bdd,hk−1
min
(X,OX(L
k−1)) ≤ hq(X,OX(KX ⊗ Lk) ⊗ I(hkmin)),
where the equality follows from the property that hmin is a singular metric
with minimal singularities and the inequality follows from Theorem 8.2.
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By the definition of Kodaira-Iitaka dimension κ(L), we have that
lim sup
k→+∞
h0(X, Lk−1)
(k − 1)κ(L) > 0.
On the other hand, by Theorem 1.4, we have hq(X,OX(KX⊗Lk)⊗I(hkmin)) =
O(kn−q) as letting k go to infity. It is a contradiction to the inequality
> n − κ(L). 
Remark 8.1. The injectivity theorem used in the proof of Theorem 8.2 has
been already proved for arbitrary singular metrics in [36].
Remark 8.2. Theorem 8.1 is a generalization of Theorem 1.4 (1) in [33]
from the case of smooth projective manifold to compact Ka¨hler manifold
under the assumption that the singular metric with minimal singularities on
L is with algebraic singularities.
Remark 8.3. Metrics with minimal singularities do not always have alge-
braic singularities (see [33] and reference therein).
By the same argument as in the proof of Theorem 8.1, we can obtain the
following
Theorem 8.3. Let X be a compact Ka¨hler manifold and L be a holomorphic
line bundle with non-negative Kodaira-Iitaka dimension over X. Suppose
that L is pseudo-effective and the Siu’s metric hsiu of L is with algebraic
singularities. Then we have that
Hq(X,OX(KX ⊗ L) ⊗ I(hsiu)) = 0 for q > n − κ(L).
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